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aerodynamic forces than the imaginary part (although the bene� ts
to the imaginary part are substantial in most cases).

There is suf� cient bene� t to the tip inset correction in all cases
studied to make the recommendation that it be used routinely, par-
ticularly because the correction is so easily made. Only the case of
equal width spanwise strips has been considered. Other spanwise
distributionsof strip width would require further investigation.
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Introduction

C ONVENTIONAL aircraft exhibit both longitudinal and
lateral-directional modes of motion because of the symme-

try existing in their geometry, aerodynamics, and properties of the
propulsive system. Longitudinal dynamics are comprised of the
phugoid and the short period mode. Exact solutions to the phugoid
and the short period modes are nonexistent. The literal approxima-
tion to the short period mode is well known1 and represents a very
faithful representation of reality. In contrast, the phugoid approxi-
mations developed by various authors have been unsatisfactory.On
account of the inaccuraciesin the phugoidapproximation,it has not
been possible to make accurate predictions of the effect of aerody-
namic derivativeson the characteristicsof the phugoid mode. Such
a study is important because it can provide vital insights on the
functionaldependenceof the modal parameterson the aerodynamic
derivatives.

An approximation for the frequency and the damping of the
phugoid mode was developed recently,2;3 and it was shown to be a
fair representationover a wide range of � ight conditions for differ-
ent types of aircraft. These literal expressions enable a meaningful
parametric study. The literal expressions for the phugoid mode of
a conventional aircraft are used to carry out a parametric study to
bring out the effect of the aerodynamicderivatives,which is corrob-
oratedby numericalsimulationover a broad spectrumdatabase.The
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notations used in this paper are that of Roskam.1 All of the thrust
derivatives have been combined with the aerodynamic derivatives,
i.e., Xu stands for Xu C XTu , Mu stands for Mu C MTu , and M®

stands for M® C MT® .

Approximate Equations for the Phugoid
Many approximations to the phugoid with varying assumptions

appear in literature.3 Although excellent expressions have been de-
rived for phugoid frequency, they have not received adequate ex-
posure. On the other hand, none of the existing approximations for
phugoid damping is worthy. Based on this � nding, an approximate
expression was derived2;3 for !p and 2³p!p .

! p D
g Mu Z® ¡ M® Zu

M®U1 ¡ Z® Mq

(1)

2³p!p D 1
M®U1 ¡ Mq Z®

¡g sin 21 M®

C Xu g sin 21 M P® ¡ M®U1 C Mq Z®

C Zu ¡gM P® ¡ Mq X® C
gM®[U1.M P® C Mq/ C Z®]

M®U1 ¡ Mq Z®

CMu U1.X® ¡ g/ ¡
gZ®[U1.M P® C Mq / C Z® ]

M®U1 ¡ Mq Z®

(2)

Numerical simulations involving 15 cases of various types of air-
craft under varying � ight conditions were carried out to verify the
authenticityof this expression.These data of six modern aircraft in
different� ight conditionswere taken from AppendixC of Roskam’s
text on � ight dynamics.1 The simulations con� rmed that the differ-
ence between the approximate expression (1) and the exact value is
less than 4% in the 15 cases considered.

Parametric Studies
The dependenceof !p and ³p on individual aerodynamicderiva-

tives is now investigated.The inquiriesare basedon the presumption
that the stability derivatives can be changed one at a time, keeping
all others � xed. The � ight condition is also presumed to be held un-
changed.The analyticalexpressions for ! p and 2³p!p were used to
extract information wherever possible. At the same time numerical
simulations were carried out over the same database by varying the
derivativesover the rangespannedby thevariableand calculatingthe
frequency and damping from the exact fourth-order characteristic
equation. It is felt that the results obtained from such a provocative
test involving so wide a variation of the aerodynamic derivatives is
general enough for all practicalpurposes. Following the notation of
Roskam,1 the longitudinal characteristic equation is

As4 C Bs3 C Cs2 C Ds C E D 0 (3)

where

A D U1 ¡ Z P®

B D ¡.U1 ¡ Z P®/.Xu C Mq/ ¡ Z® ¡ M P®.U1 C Zq /

C D Xu [Mq .U1 ¡ Z P®/ C Z® C M P® .U1 C Zq/]

C Mq Z® ¡ Zu X® C M P® g sin 21 ¡ M®.U1 C Zq /

D D g sin21.M® ¡ M P® Xu/ C g cos 21[Zu M P® C Mu.U1 ¡ Z P®/]

¡ Mu X® .U1 C Zq/ C Zu X® Mq C Xu [M®.U1 C Zq / ¡ Mq Z®]

E D g cos 21.M® Zu ¡ Z® Mu/ C g sin 21.Mu X® ¡ Xu M®/ (4)

It was seen from the simulation that only four derivatives have a
signi� cant effect on the frequency and damping. The variations in
frequencyanddampingfor thesefourderivativesare shownin Fig.1.



J. AIRCRAFT, VOL. 38, NO. 4: ENGINEERING NOTES 777

Fig. 1 Variation of phugoid frequency and damping with aerodynamic coef� cients.

In the graphs the abscissa shows the aerodynamic derivative being
varied, and the ordinate shows the frequency/damping. To facilitate
comparison of results, uniformity is maintained in the graphs by
ensuring that all of the ordinatesvary from0 to 0.4 for the frequency
plots and from¡0:2 to 0.2 in thedampingplots.The abscissaof each
graphis determinedfrom the rangespannedby thevariable,obtained
from the minimum and the maximum values in the database. The
upper plots represent the variation in frequency,and the lower plots
represent the damping. To conserve space, for each aerodynamic
derivative, only one aircraft and � ight condition, representing the
largest variation in the 15 cases considered, is shown. The label on
the x axis shows the aircraft and � ight condition, in addition to the
aerodynamic derivative being varied. The notation for the aircraft
and the � ight condition are taken from Appendix C of Roskam.1 It
consists of two symbols: a letter, followed by a number. The letter
stands for the aircraft and the number for the � ight condition. In the
graphs shown in Fig. 1, B-2 represents a 19-passenger commuter
airliner in low-altitude cruise; C-2, a small jet trainer in normal
cruise; E-1, a supersonic � ghter-bomber in power approach; and
F-3, a large wide-body jet transport in low-altitude cruise.

The largest variation in CDu is seen for aircraft B in � ight
condition 2. The graph of !p vs CDu , which appears as the top left
plot, and the graph of 2³p!p vs CDu , which is the bottom left plot,
are for the aircraftB in � ight condition2. Thus label for the extreme
left plot shows B-2 in braces. Similarly, the largest variation in Cmq

is seen for aircraft E in � ight condition 1. The graph of !p vs Cmq ,
which appears as the top right plot and the graph of 2³p! p vs Cmq ,
which is the bottomright plot are for the aircraftE in � ight condition
1. The label for the extreme right plot shows E-1 in braces.

Effect of Aerodynamic Derivatives on the Phugoid Frequency

From Eq. (1) it is seen at once that ! p is dependent only on
the derivatives Zu , Z® , Mu , M® , and Mq . Before considering the
in� uence of the aerodynamic derivatives, it is helpful to bear in
mind their usual signs.

!2
p D

.C/
g .

.§/

Mu

.¡/

Z® ¡
.¡/

M®

.¡/

Zu/

.¡/

M®

.C/

U1 ¡
.¡/

Z®

.¡/

Mq

.¡/

When Mu Z® ¡ M® Zu > 0, !p becomes a complex number, and the
approximation is rendered invalid.Also, observe that Zu is negative
in practice although CLu may be positive or negative.

The derivative of the phugoid frequency with respect to Zu is
given by

@!p

@ Zu

D
¡gM®

2!p

1

.M®U1 ¡ Z® Mq /

The � rst term on the right-hand side is positive in sign, and the
second term is negative in sign, making the expression negative,
implying that the phugoid frequencydecreases with increase in Zu .
From the de� nition of CLu (Ref. 1), this is equivalent to saying
that the phugoid frequency increases with increase in CLu . It is
dif� cult to determinehow signi� cant the change is without recourse
to airplane data. The numerical simulation shows that the change is
not signi� cant in the normal range of interest of CLu for most cases.

The derivative of the phugoid frequency with respect to Z® is
given by

@!p

@ Z®

D
¡gM®

2!p

Mq Zu ¡ MuU1

.M®U1 ¡ Mq Z®/2

The � rst term on the right-hand side is positive. The second term is
positive if Mu is negative. If Mu is positive, the sign of the second
term dependson the relativemagnitudesof MuU1 and Mq Zu , and no
general conclusion can be drawn. The numerical simulation shows
that when CL®

increases sometimes !p increases and sometimes it
decreases.In either case the change is too small to warrant attention.
For all practical purposes it can be said that !p is invariant with
respect to changes in Z® .

When Mu D M® Zu=Z® , the phugoid frequency vanishes. When
Mu is less than this critical value, the phugoidmode is characterized
by two � rstorders:oneconvergentand theother thedivergent“tuck.”
The derivativeof thefrequencywith respectto thisderivativeis given
by

@!p

@ Mu
D

¡gZ®

2!p

1

.Z® Mq ¡ M®U1/

Both terms on the right-hand side are positive, making @! p=
@ Mu > 0. From the de� nition of Cmu (Ref. 1), it can be said that
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an increase in Cmu results in an increase in !p and viceversa above
the critical value of the derivative. Figure 1 shows the variation for
aircraft F in � ight condition 3.

The phugoid frequency remains almost invariant with Cm® until
it reaches a critical value M® D Mu Z®=Zu , when it becomes zero.4

At the critical value the phugoid frequency diverges with a slope of
¡1. When Mq Z®=U1 < Mu Z®=Zu , the divergence occurs earlier
at M® D Mq Z®=U1 , and the slope of the curve suddenly changes to
C1. Figure 1 shows the change for aircraft C in � ight condition 2.

The derivativeof !p with respect to Cmq is given by

@! p

@ Mq
D

!p

.¡/

Z®

2 .M®U1 ¡ Mq Z®/

.¡/

! p is thus directly proportional to Mq . From the de� nition of
Cmq (Ref. 1), it follows that ! p is also directly proportional to Cmq .
Figure 1 depicts the variation for aircraft E in � ight condition 1.

It has been shown5 that in the speed range of interest of powered
aircraft !p is invariantwith respect to changes in the forward speed,
dispelling the commonly held notion that the phugoid frequency is
inversely proportional to the forward speed.

Effect of Aerodynamic Derivatives on the Phugoid Damping

Unlike the frequency equation, the approximation to damping
[Eq. (2)] is comparativelymore complicated.All derivativesexcept
CDq , CLq , and CL P® seem to be involved. The numerical simulation
shows that the phugoid damping varies substantially only with the
derivatives CDu , Cmu , Cm® , and Cmq .

From Eq. (2)

@.2³p!p/

@ Xu

D
g sin 21 M P® ¡ M®U1 C Mq Z®

M®U1 ¡ Mq Z®

D ¡1 C
g sin 21 M P®

M®U1 ¡ Mq Z®

¼ ¡1

because in practice the second term is much smaller than one. From
the de� nition of Xu (Ref. 1), it follows that 2³p!p increases as CDu

increases. Figure 1 shows signi� cant change for aircraft B in � ight
condition 2.

@.2³p! p/

@ Mu
D

U1.X® ¡ g/

M®U1 ¡ Z® Mq
¡

gZ® [U1.M P® C Mq/ C Z®]

.M®U1 ¡ Z® Mq /2
(5)

The quantityon the right-handside is sometimespositiveand some-
times negative.The numerical simulation indicates that the phugoid
damping remains almost invariantwith changes in Mu except when
Mu approachesthe criticalvalue Mu D .M® Zu/=Z® . At this valueof
Mu , !p D 0, and the term 2³p! p abruptly becomes zero. When Mu

is less than this criticalvalue, there are two real roots to the phugoid.
The numerical simulation shows that 2³p!p is not disturbed by

variations in Cm® except at a critical value of Cm® when it be-
haves violently by abruptly changing its slope to §1. It may be
inferred from Eq. (2) that this behavior is caused by the phugoid
frequency, which becomes zero at M® D .Mu Z® /=Zu and becomes
in� nite when M® D .Mq Z® /=U1 .

Figure 1 shows that when Cmq becomes more and more negative
2³p! p increases in magnitude. The increase is substantial in some
cases and mild in others. Figure 1 shows the variation for aircraft E
in � ight condition 1.

Conclusion
The parametric study undertaken in this paper shows that in the

range of interest the frequencyand the damping depend only on the
derivativesCDu , Cmu , Cm®

, and on Cmq . The speed damping deriva-
tive CDu has no effect on the frequency.The damping increaseswith

increase in CDu . Phugoid damping is invariant with change in Cmu .
When Mu D .M® Zu/=Z® , the phugoid frequency vanishes. For Mu

less than this critical value, the phugoid mode splits into two � rst-
order roots, with one representing tuck under. Above the critical
value, increase of Cmu leads to increase in ! p . The phugoid damp-
ing is invariant with change in Cm® . For large negative values of
Cm®

, !p remains invariant. When M® D .Mu Z®/=Zu , the phugoid
frequency vanishes. When M® D .Mq Z®=U1/, the phugoid fre-
quency becomes in� nite. Increase in jCmqj results in decrease in !p

(for negativevalues of Cmq), and increase in jCmqj results in increase
in 2³p!p (for negative values of Cmq). The change is substantial in
some cases and mild in others.
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I. Introduction

F OR transonic wing designsone of the most important elements
in the analysis of aerodynamic performance is the evaluation

of wave drag. A common technique for estimating the wave drag of
a wing consists in summing the contributions at spanwise sections
over the wing. The contribution at each section may be evaluated
using methods derived from an exact two-dimensional analysis in-
volving the � ow conditions just upstream of the shock wave.1;2 For
eachsectionof thewing, theequivalenttwo-dimensional� ow condi-
tions are then evaluated from the three-dimensional� ow conditions
using simple sweep theory. The major drawback of such a method
is the need for data coming from the three-dimensional � ow state
around the wing through experimental measurements or full three-
dimensionalcompressible� ow state calculations.Such an approach
turns out to be not very useful in the context of preliminary con-
cept design, where expensive three-dimensionalcompressible � ow
evaluations are to be avoided, where possible, during design opti-
mization. Thus, to reduce the computationalcost of wing wave drag
evaluation in preliminary design, approximate methods that do not
require expensive three-dimensional� ow state calculationsmay be
adopted.
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